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STABILIZATION IN VISCOELASTIC SOLIDS *

FELIX PEDRO Q. GOMEZ |

Abstract

In this section we study the existence of global solutions for small data
and also the asymptotic behaviour of the solution to the full nonlinear

problem of a class of viscoelastic equations.

1 Introduction

In this work we study the version abstract of the viscoelastic nonlinear wave

equations of memory type. The system in question is the following

O2u + M ([u])Au — /Otg(t —7)N([u])Audr =0, in L?*(0,T;H)

u(0) = ug, Opu(0) =uy,

where by H we are denoting separable Hilbert space and by [u(t)] the nonlinear
argument of N and M. Also M([0]) > 0.

Such nonlinear model describing a homogeneous and isotropic viscoelastic
solid. In recent years have been subject of study of researchers. The particular
case A = —A and [u] =| AY?u ||?, was studied by Torrejon and Young [14].
The authors showed the existence of global solution, for analytical data and the
asymptotic stability when ¢ — oco. In Nishihara [11] the author consider the
wave equation with linear frictional damping and show the existence of global
solution for a class of large initial data in D(A) spaces, non analytical but close
to an analytical data. Nishihara’s result is an important improvement about
the question of existence of solution for the nonlinear Kirchhoff equation with
weak dissipation, because it provides a large space where the initial data can be

taken to produce large existence result.
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2 Notations & Preliminaries

Here || - || and (-, ) denote the norm and the inner product defined over H. By

A we are denoting an unbounded nonnegative self-adjoint operator satisfying
A: D(A)C H— H,
and

[V1] The embedding D(A") — D(A?®) is compact for any » > s > 0. On M
and N we impose the following hypotheses

[V2] The functions M, N: R> — R are C? and g: R — R is a C3-function.

To prove the exponential decay of the solutions we use the following hypothesis

on g:
0<g(t), —rgt)<g'(t) <—cy(t) (2.1)
lg" ()] < Cg(t), (2.2)
a=1- N([O])/O g(r) dr >0 (2.3)

to facilitate our computation we introduce the notations

(90 )(t) / ot —D)|f(r) — FB)lPdr  and

(n*v)(t) = /0 n(t — 7)v(r)dr.

In this section we study the existence of global solutions for small data and

also the asymptotic behaviour of the solution to the full nonlinear problem,
t
OPu + M([u]) Au — / ot — )N ([u]) Au(r)dr = 0, (2.4)
0

u(0) = uyp, Oru(0) = uy (2.5)
Where [u] is given by
[u()] = ((Au(), 0u(t)), AT u(®)|[%, ]| A ()%, || Au()] ) € RY

and M and N satisfies conditions [V'2]. To explore the dissipative properties of

equation (2.4) let us rewrite the equation in the following form,
t
2+ M([0]) Au — N([0]) / ot — ) Au(r)dr = Pi= R+Q,  (26)
0

where R and @ are the nonlinear term of equation

=T
—~
~
G

/0 ot — 7) {N([u(r)]) - N(0)} Au(r)dr
(M([u(®)]) - M([0])} Auft)

O
—~

~
~
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We assume hypotheses (2.1)—(2.2) on the kernel g and instead of the hypotheses
(2.3) we use hypotheses:

M(jo]) - N (o) / Ty di >0 (27)

For simplicity and without loss of generality, we suppose that M (0) = N(0) = 1,

1
(otherwise we make the change of variables t — /M ([0]) ¢, and put § := %(([[8]])) g)
then the hypotheses (2.7) may be written as,

1- /0 g(T)dT = a > 0. (2.8)

Rewriting equation (2.6) we have
t
Ofu + Au — / g(t — 7)Au(r)dr = P:= R+ Q, (2.9)
0

Here the energy E(t,v) of the solution to the problem (2.4)-(2.5) is defined by

1 t
E(t,v) = 3 {|8tv|2 + (1 —/0 g(7) dT> |AY20]2 + g O Al/zv} . (2.10)

3 Main result

Theorem 3.1 Let us that hypotheses [V1] and [V2] holds and let us take g
satisfying (2.1)-(2.3). Consider € > 0 such that the initial data

(ug,u1) € D(A%/?) x D(A)

satisfies )
HA%uOH + [|Aus || < e.

Then, there exist only one solution u of equation (2.4), such that
u e C%([0,00[, D(AY?)) N CY([0, o[, D(A)) N C([0, oo[, D(A%/2)).
In addition we have that the energy E(t,u) defined in (2.10) satisfies
E@#) < E0)e™ ™ forall t>0 and ~>0.

Proof.- Applying the operator A to equation (2.9) and using Remark 3.2 (see

Goémez et al. [6]) for v = Au we have

%ﬂy(t, Au) < =kL, (t, Au) = 5 {g®| A2l + g0 AYuf+ (3.)

+v (AP, Adyu) + <AP, Adyw + 9(20)Aw>

Since M and N are continuous functions, for all § > 0, there exist € > 0,
such that

lo| ., <c2e=|[M(co) — M([0))] <6 and |N(o) — N([0])] <6,
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From the local existence, Theorem 2.1 (see Gémez et al

. [6]), there exist
0 < T, < Tax, such that

2
M(t, Au) = [ A3u@)||” + 1402 + 90 42w < de em [0, T
where d > 1 to be fixed later. Let us consider
T* =sup{T" >0: E(t) <de in [0, TY[}

We have two cases: (i) T* = Tmax, (ii) T* < Tmax- The first one implies

that the solutions u is bounded so, we have Ty,.x = 00. So, we only consider
case (ii) Suppose that T* < Tihax and Tiax < 0o then we have

[u®)]ls <ce = [M([u]) = M([0])] <6

(3.2)
IN([u]) = N([0)[ <6 in [0, T7[.

Denoting by «a, the expression,

alzlr‘n<ax {0;;M(x) :i=1,2,3,4,5}.
C2€

From, hypotheses of global existence of solutions of the nonlinear viscoelastic
system, Remark 4.1 (see Gémez et al. [6]) we have that

5 (0 = b(El) | < 20, {14 2000t}

+ 20, {J14%2u(®)|| + | 40u(t)|1} < coe, (3:3)
Note that

(AQ, Adyu) = {M([u]) — M([0))} (A%u, ADsu)

_ _% %{M([u]) - M([O])}> HA3/2“H2
5 ({M([un - aa(opy =)

2
<ol +

&‘Q‘

2

; () - 2y a2

(AR, Adyu) = i - (AR, Au) — (A9, R, Au)
— G VAR A — g(O) (N ([u(t)) ~ N(0D} (420, Au)
+ [ =) V() - N(0)} Aulr) drdu
0

di(AR Au) + 5g(0)[| A3/2u? + 6C {g[]A3/2u+ HA3/2 H }



68° SBA Félix P. Q. Gémez 5

From where it follows that

(AP, Adyu) < cse{HA?’/QuHZ—Fg[]AW%}

s 5 00r(ta) - Moy 4+ ar o}
Similarly we have

<AP, Adyw + ;Aw) <c,6 { HAS/QUHQ +90d A3/2u}

w2 8 (o) - pcony 4=

d
— (AR, Au) .
+ (AR, Au)
Denoting by
2
S(t) = 2{M([u)) ~ M(O])} [4*2u]| +2 (AR, Au).
From (3.1) and taking € and ¢ small enough it follow that
d K
- _ < _Z .
CL) - 5wy < 2L
IS@t) < %5/\4@).
Recalling the definition of S we have

S M) < £(1) — 8(1) < 2M(1), (3.4)

and
GAL(t) - (1)) <~ L) ~ S},

which implies that
L(t) = S(t)) < {L£(0) = S(0)}e ™,

where v = g From above inequality together with (3.4) we have

(£00) = SO} < X pg(0)et  forall ¢ e [0,T7]

Co

M(t) <

SeEEN

The next step is to show that T},4, = 00. To do it we reason by contradiction.

Let us suppose that T* < T}, < 00 and that T = T7". Thus we have
M(t) <dM(0)e " <dee . (3.5)
Letting t — T =TT, it follows that
M(TF) <de™ e < de,

which is a contradiction to the maximality of T"*. Hence, Tiax = 00 so, the

solution is global in time. From where our conclusion follows O
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